Abstract. A classical theorem of Alexandroff states that every n-dimensional compactum X contains an n-dimensional Cantor manifold. This theorem has a number of generalizations obtained by various authors. We consider extension-dimensional and infinite dimensional analogs of strong Cantor manifolds, Mazurkiewicz manifolds, and V n -continua, and prove corresponding versions of the above theorem. We apply our results to show that each homogeneous metrizable continuum which is not in a given class C is a strong Cantor manifold (or at least a Cantor manifold) with respect to C. Here, the class C is one of four classes that are defined in terms of dimension-like invariants. A class of spaces having bases of neighborhoods satisfying certain special conditions is also considered.
Cantor manifolds were introduced by Urysohn [39] as a generalization of Euclidean manifolds. Recall that a space X is a Cantor n-manifold if X cannot be separated by a closed (n − 2)-dimensional subset. In other words, X cannot be the union of two proper closed sets whose intersection is of covering dimension ≤ n−2. Alexandroff [2] introduced the stronger notion of V n -continua: a compactum X is a V n -continuum if for every two closed disjoint subsets X 0 , X 1 of X, both having nonempty interior in X, there exists an open cover ω of X such that there is no partition P in X between X 0 and X 1 admitting an ω-map into a space Y with dim Y ≤ n−2. Another specification of Cantor manifolds was considered by Hadžiivanov [15] : X is a strong Cantor n-manifold if for arbitrary representation X = ∞ i=1 F i , where all F i are proper closed subsets of X, we have dim(F i ∩ F j ) ≥ n − 1 for some i = j.
Obviously, strong Cantor n-manifolds are Cantor n-manifolds. Moreover, every V n -continuum is a strong Cantor n-manifold [17] and none of the above inclusions is reversible (see [16] , [29] and the Appendix).
In the present paper we generalize these notions by considering a general dimension function D K which captures the covering dimension, cohomological dimension dim G with respect to any Abelian group G, as well as the extraordinary dimension dim L with respect to a given CW -complex L.
More precisely, a sequence K = {K 0 , K 1 , ..} of CW -complexes is called a stratum for a dimension theory [8] if
• for each space X admitting a perfect map onto a metrizable space, K n ∈ AE(X) implies both K n+1 ∈ AE(X × I) and K n+j ∈ AE(X) for all j ≥ 0.
Here, K n ∈ AE(X) means that K n is an absolute extensor for X. Given a stratum K, we can define a dimension function D K in a standard way:
(1) D K (X) = −1 iff X = ∅; (2) D K (X) ≤ n if K n ∈ AE(X) for n ≥ 0; if D K (X) ≤ n and K m ∈ AE(X) for all m < n, then D K (X) = n; (3) D K (X) = ∞ if D K (X) ≤ n is not satisfied for any n.
Since every CW -complex K with the weak topology is homotopically equivalent to K equipped with the metric topology, we can assume that all K i ∈ K are considered with the metric topology.
If K = {S 0 , S 1 , ..}, we obtain the covering dimension dim. The stratum K = {S 0 , K(G, 1), .., K(G, n), ..}, K(G, n), n ≥ 1, being the Eilenberg-MacLane complexes for a given group G, determines the cohomological dimension dim G . Moreover, if L is a fixed CW -complex and K = {L, Σ(L), .., Σ n (L), ..}, where Σ n (L) denotes the n-th iterated suspension of L, we obtain the extraordinary dimension dim L introduced recently by Shchepin [36] and considered in details by Chigogidze [6] . According to the countable sum theorem in extension theory, it follows directly from the above definition that D K (X) ≤ n implies D K (A) ≤ n for any F σ -subset A ⊂ X. Now, it is clear how to define Cantor n-manifolds, strong Cantor n-manifolds and V n -continua with respect to D K , where K is a fixed stratum. Furthermore, we consider quite general concepts of Mazurkiewicz manifolds, strong Cantor manifolds and Cantor manifolds with respect to some classes of finite or infinite-dimensional spaces. We define them following the idea and some terminology from [16, 17] .
A non-empty class of spaces C is said to be admissible if it satisfies the following conditions:
(i) C contains all topological copies of any element X ∈ C ; (ii) if X ∈ C, then each F σ -subset of X belongs to C. Definition 1.1. A space X is a Mazurkiewicz manifold with respect to an admissible class C if for every two closed, disjoint subsets X 0 , X 1 ⊂ X, both having non-empty interiors in X, and every F σ -subset F ⊂ X with F ∈ C, there exists a continuum in X \ F joining X 0 and X 1 .
The notion of a Mazurkiewicz manifold has its roots in the classical Mazurkiewicz theorem saying that no region in the Euclidean n-space can be cut by a subset of dimension ≤ n − 2 [11] . Recall that a set P (not necessarily closed) cuts a space X between two subsets X 0 and X 1 of X if X 0 , X 1 , and P are disjoint, and for any continuum C such that C ∩ X i = ∅, i = 0, 1, we have C ∩ P = ∅; P cuts X if it cuts X between a pair of distinct points.
One can easily prove, using Lemma 2.5, that if no F σ -subset from an admissible class C cuts a compact space X, then X is a Mazurkiewicz manifold with respect to C; the converse implication holds for locally connected compact spaces X. Definition 1.2. A space X is a strong Cantor manifold with respect to an admissible class C if X can not be represented as the union
where all F i are proper closed subsets of X. Definition 1.3. A space X is a Cantor manifold with respect to an admissible class C if X cannot be separated by a closed subset which belongs to C.
Four specifications of C will be considered:
(1) the class D k K of at most k-dimensional spaces with respect to dimension D K , (2) the class D <∞ K of strongly countable D K -dimensional spaces, i.e. all spaces represented as a countable union of closed finitedimensional subsets with respect to D K , (3) the class C of paracompact C-spaces, and (4) the class WID of weakly infinite-dimensional spaces. Recall that X is said to be strongly infinite-dimensional if for any sequence {(A n , B n )} n≥1 of pairs of disjoint closed sets in X and any sequence of closed partitions C n ⊂ X separating A n and B n the intersection n≥1 C n is non-empty. Spaces which are not strongly infinitedimensional are called weakly infinite-dimensional.
A space X is said to be a C-space (or has property C) [11] if for every sequence {ω n } n≥1 of open covers of X there exists a sequence {γ n } n≥1 of open disjoint families in X such that each γ n refines ω n and n≥1 γ n is a cover of X.
Every finite-dimensional paracompact space as well as every countable-dimensional metrizable space is a C-space, but there exist metrizable C-spaces which are not countable-dimensional [32] . Moreover, compact C-spaces form a proper subclass of weakly infinite-dimensional compact spaces [5] .
Every compact Mazurkiewicz manifold with respect to any admissible class C is a strong Cantor manifold with respect to C (see Proposition 2.1) and strong Cantor manifolds with respect to C are Cantor manifolds with respect to C.
The following theorems are amongst the main results of the paper. Based on these theorems, we prove the following result.
Theorem 4.7. Each metrizable homogeneous continuum X / ∈ C is a strong Cantor manifold with respect to class C provided that:
(1) C is any of the following three classes:
(in the latter case we additionally assume
and X does not contain closed subsets of arbitrary large finite dimension D K .
Theorem 3.4 is totally new, while some particular weaker cases of Theorems 2.6, 3.1 and 3.6 were proved by different authors. Let us mention the classical result that every compact space X with the covering dimension dim X = n contains an n-dimensional Cantor n-manifold (with respect to dim) established independently by Hurewicz-Menger [22] and Tumarkin [37] for metrizable spaces, and by Alexandroff [1] for any compact spaces. For V n -continua with respect to dim, this theorem was obtained by Alexandroff [2] (metrizable compact spaces) and Kuz'minov [28] (arbitrary compact spaces). Both Alexandroff's and Kuz'minov's proofs are based on cohomological methods. An elementary proof was given by Hamamdžiev [18] . For strong Cantor n-manifolds with respect to dim G , Theorem 2.6 appeared in [19] .
A classical counterpart of Theorem 3.1 saying that each infinitedimensional compact space X contains either closed subsets of arbitrary large finite dimension or a Cantor ∞-manifold M (i.e., no finitedimensional subset separates M) was proved by Tumarkin [38] .
The fact that each strongly infinite-dimensional compact metric space contains a compact strongly infinite-dimensional Cantor manifold M (i.e., no weakly infinite-dimensional closed subset of M separates M) is due to Skljarenko (see [3, p. 550] ).
One of the main technical tools in proving Theorem 2.6 is an extension theorem, see Proposition 2.3. In its turn, Proposition 2.3 implies another general extension theorem (Proposition 2.4) whose analogues were established by Holsztyński [21] , Hadžiivanov [14] and Dijkstra [7] for covering dimension. Hadžiivanov-Shchepin [19, Theorem 1] also formulated similar to Proposition 2.4 statement for cohomological dimension. However, we were not able to verify some details in their proof. Instead of following the arguments of the above authors, we base our proofs of Proposition 2.3 and Proposition 2.4 on a completely different idea.
It was proved in [25] that every homogeneous metrizable, locally compact, connected space X with the covering dimension dim X = n ≤ ∞ is a Cantor n-manifold; in case where X is strongly infinite-dimensional, it is a strongly infinite-dimensional Cantor manifold. Theorem 4.7 significantly generalizes those results.
The final section contains examples distinguishing the following four classes (with respect to dim): Cantor n-manifolds, strong Cantor nmanifolds, Mazurkiewicz n-manifolds and V n -continua.
2. Mazurkiewicz n-manifolds and V n -continua with respect to dimension D K Proposition 2.1. Let C be an admissible class of spaces. Then every compact Mazurkiewicz manifold with respect to C is a strong Cantor manifold with respect to C.
Proof. Suppose X is a compact Mazurkiewicz manifold with respect to C but not a strong Cantor manifold with respect to C. Then X = i≥0 F i with F i being proper closed subsets of X such that
to smaller closed subsets and re-indexing these sets, if necessary, we can assume that there exist n = m and two closed disjoint subsets X 0 and X 1 of X both having non-empty interiors in X with X 0 ⊂ F n \ i =n F i and X 1 ⊂ F m \ i =m F i . This can be done using arguments similar to the Baire theorem. Then X 0 ∪ X 1 is disjoint from the set F . Since X is a Mazurkiewicz manifold with respect to C, there exists a continuum C ⊂ X \ F joining X 0 and X 1 . This implies that C is covered by the family F i ∩ C of its disjoint closed subsets. Hence, according to the Sierpiński theorem [10, p. 440] , C = F i ∩ C for some i, which contradicts the conditions on X 0 and X 1 .
The following lemma is a variation on the countable sum theorem and is required in the proof of Proposition 2.3. Lemma 2.2. Let X be a compact space, A be a closed subspace of X, and
Proof. We may assume that A ⊂ Y n ⊂ Y n+1 for n ≥ 1. Let f 0 = f and construct by induction a sequence of maps f n : cl(U n ) → L, where U n is an open neighborhood of Y n in X. Suppose f n has been already constructed. Since L ∈ AE(Y n+1 ), we can extend f n to a map
Using that L is an absolute neighborhood extensor for compact spaces, we extend f n to a map 
According to Lemma 2.2, the map G can be extended to a map
If X \ V were connected between X 0 and X 1 , then there would be a continuum C ⊂ X \ V such that C ∩ X k = ∅, k = 0, 1 (see, e.g., [27, §47.II, Theorem 3]), contradicting the fact that F cuts X between X 0 and X 1 . Therefore, the set V contains a closed partition P between X 0 and X 1 in X. 
Proof. Suppose the opposite. Let A be the family of all closed subsets Y of X containing A such that f is not extendable over Y . Note that A is partially ordered by inclusion and X ∈ A. We show that A satisfies the Zorn's lemma. Indeed, suppose {Y α : α ∈ Λ} is a decreasing net of sets from A and Y = {Y α : α ∈ Λ} is not in A. If there exists a map f : Y → L extending f , then f can be extended to a map g : U → L with U being an open neighborhood of Y in X. Due to the compactness, U contains Y α for some α, which is a contradiction.
Let M be a minimal element of A. 
. Shrinking U 0 and U 1 , if necessary, we may also assume that
We claim that B cuts M between cl(U 0 ) and cl(U 1 ). Indeed, suppose not. Then there exists a continuum
is a cover of C by closed disjoint proper sets. Hence, by the Sierpiński theorem [10, p. 440], C ⊂ B i for some i, which contradicts the choice of cl(U 0 ) and cl(U 1 ).
Therefore, due to the minimality of M, we can apply Proposition 2.3 to M, the collection B i ∩ B j , i, j ≥ 0, i = j, and the sets cl(U 0 ) and cl(U 1 ) to obtain a map f : M → L extending f . This contradicts M ∈ A.
The following technical lemma will help us to work with Mazurkiewicz manifolds.
Lemma 2.5. Let X be a compact space, X 0 and X 1 be two closed disjoint subsets of X with non-empty interiors, and S be a subset of X. Suppose that for any continuum C with
Proof. Since X 0 and X 1 have non-empty interiors, we can find open non-empty sets
Then C ′ is a continuum joining X 0 and X 1 and therefore
Now we are ready to prove our first main result. Proof. Since D K (X) = n, we have K n ∈ AE(X) but K n−1 ∈ AE(X). Therefore there exists a closed subset A ⊂ X and a map f : A → K n−1 which cannot be extended to a map from X into K n−1 . Consider the family B of all closed sets B ⊂ X such that there is no map from A ∪ B to K n−1 extending f . Obviously, X ∈ B. As in the proof of Proposition 2.4, one verifies that B is partially ordered by inclusion and satisfies the condition of the Zorn's lemma. Let M be a minimal element of B. Then,
Suppose M is not a V n -continuum with respect to D n−2 K . Then, without loss of generality, we can assume that there exist two disjoint sets X 0 = cl(U 0 ) ⊂ M and X 1 = cl(U 1 ) ⊂ M, where U 0 and U 1 are open non-empty subsets of M, with the following property:
• for any open cover ω of M there exists a partition P ω in M between X 0 and X 1 such that P ω admits an ω-map into a compact space
Since both M 0 = M \U 1 and M 1 = M \U 0 are proper closed subsets of M and M is a minimal element of B, there exist maps f i :
Let γ be an open cover of K n−1 such that any two γ-close maps to K n−1 are homotopic.
Next claim follows easily from the fact that K n−1 , as a metrizable ANR, is a neighborhood retract of a locally convex space (see [ 
Let ω be an open cover of M such that each set (W ×{t})∩Z, W ∈ ω and t ∈ I, is contained in some element of ν. There exists a partition P ω in M between X 0 and X 1 admitting an ω-map ϕ ω :
Note that ϕ is a ν-map. Applying the above claim we obtain a map g : ϕ(B) → K n−1 such that F | B and g • ϕ are γ-close in K n−1 . The map Φ :
Note that H is a homotopy between f 0 | Pω and f 1 | Pω such that H(x, t) = f (x) for all x ∈ P ω ∩ A. Since P ω is a partition between X 0 and X 1 , there exist two closed subsets 
Note that K n−2 ∈ AE(F i ) for each i. So, according to the definition of a stratum, K n−1 ∈ AE(F i × I). Moreover, since M is a minimal element of B, the map f |(A ∩ M) can be extended to a map from
Infinite-dimensional Mazurkiewicz manifolds
In this section we consider Mazurkiewicz manifolds with respect to classes D <∞ K , WID and C (of strongly countable D K -dimensional spaces, weakly infinite-dimensional spaces and C-spaces, respectively). Proof. We have K n / ∈ AE(X) for all n ≥ 0. Suppose there exists n 0 ∈ N such that X contains no closed subset of dimension D K ≥ n 0 . We follow the idea from the proof of Theorem 2.6. First, choose a closed subset A ⊂ X and a map f : A → K n 0 which cannot be extended over X. Then, there exists M minimal in the family B of all closed subsets B ⊂ X for which there is no extension of f over A ∪ B. It follows that
Suppose M is not a Mazurkiewicz manifold with respect to the class D <∞ K . Then, by Lemma 2.5, there exist closed subsets F i ⊂ M such that F = i≥1 F i cuts M between two closed, disjoint subsets of M with non-empty interiors and D K (F ) = n < ∞ for some n < n 0 . It follows that K n ∈ AE(F i ), so K n+1 ∈ AE(F i × I) for each i. Since n + 1 ≤ n 0 , K n 0 ∈ AE(F i × I), i ≥ Recall that a set-valued map Φ : X → Y is lower semi-continuous (resp., upper semi-continuous) if the set {x ∈ X : Φ(x) ∩ U = ∅} (resp., {x ∈ X : Φ(x) ⊂ U}) is open in X for every open U ⊂ Y . We say that Φ is continuous provided it is both lower semi-continuous and upper semi-continuous. Recall also that a closed subset F ⊂ I ∞ is said to be a Z-set in I ∞ if for every compact space X the set {g ∈ C(X, I ∞ ) : g(X) ∩ F = ∅} is dense in C(X, I ∞ ) in the compact-open topology.
Proposition 3.2. A compact space X does not have property C if and only if there exists a continuous set-valued map Φ : X → I
∞ satisfying the following conditions: each Φ(x) is a Z-set in I ∞ and for any singlevalued map g :
Proof. This proposition is a direct consequence of the following result of Uspenskij [40, Theorem 1.4] that characterizes compact C-spaces: a compact space has the property C if and only if for every continuous Φ : X → I ∞ with each Φ(x) being a Z-set in I ∞ there exists a singlevalued map g : X → I ∞ such that g(x) ∈ Φ(x) for all x ∈ X.
Lemma 3.3. Let X be a compact space and Φ : X → I ∞ a continuous set-valued map with each Φ(x) being a Z-set in I
∞ . Suppose A ⊂ X is closed and F = i≥1 F i such that all F i are closed C-subspaces of X. Then any map f : A → I ∞ with f (x) ∈ Φ(x), x ∈ A, can be extended to a map g : W → I ∞ , where W is a neighborhood of A ∪ F , such that g(x) ∈ Φ(x) for any x ∈ W .
Proof. Consider the sets
Here, C(X, I ∞ ) is the space of all continuous maps from X into I ∞ equipped with the metric d(g 1 , g 2 ) = max{ρ g 1 (x), g 2 (x) : x ∈ X}, where ρ is the standard convex metric on I ∞ . We claim that each C i (f ) is open and dense in C(f ). Indeed, let h ∈ C i (f ) and observe that ǫ = min{ρ h(x), Φ(x) : x ∈ F i } is positive because Φ is continuous. Then, any map in C(f ) which is ǫ-close to h is contained in
To prove C i (f ) is dense in C(f ), fix h ∈ C(f ) and ǫ = 2η > 0, and consider the set-valued map
where B h(x), η is the closed ball in (I ∞ , ρ) with radius η and center h(x). This is a lower semi-continuous convex-valued map. Since all B h(x), η are convex and Φ(x) are Z-sets in I ∞ , it is easily seen that B h(x), η ∩ Φ(x) is a Z-set in B h(x), η , x ∈ F i \ A. Since F i is a C-space, by [13, Theorem 1.1], φ admits a continuous selection
Finally, extend h 2 to a map h 3 ∈ C(X, I
∞ ) in such a way that h 3 is η-close to h. According to the convex-valued selection theorem of Michael [31] , the map h 3 can be obtained as a selection of the convex-valued lower semi-continuous map
Obviously, h 3 ∈ C i (f ) and it is ǫ-close to h. Since C(f ) is complete (as a closed subset of C(X, I ∞ )), by the Baire theorem, there exists a map g ∈ i≥1 C i (f ). Then g(x) ∈ Φ(x) for all x ∈ F ∪ A and g|A = f . Moreover, by the continuity of Φ, one can show that every point x ∈ F ∪ A has a neighborhood O(x) in X with g(y) ∈ Φ(y) for all y ∈ O(x). Then W = x∈F ∪A O(x) is a neighborhood of A ∪ F such that g(x) ∈ Φ(x) for x ∈ W .
Theorem 3.4. Every compact space X which is not a C-space contains a compact Mazurkiewicz manifold with respect to the class C.
Proof. Let Φ : X → I ∞ be a continuous set-valued map satisfying Proposition 3.2. Consider the family B Φ of all closed subsets B ⊂ X such that for every map g : B → I ∞ there exists a point x ∈ B with g(x) ∈ Φ(x). Let us show that B Φ has a minimal element. Indeed, if {B α : α ∈ Λ} is a decreasing net of sets from B Φ and B 0 = {B α : α ∈ Λ}, then every g : B 0 → I ∞ can be extended to a map g : X → I ∞ . For every α ∈ Λ choose x α ∈ B α such that g(x α ) ∈ Φ(x α ) and let x 0 be a limit point of a subnet of {x α }. Obviously, x 0 ∈ B 0 and since both Φ and g are continuous, g(x 0 ) ∈ Φ(x 0 ). Thus, by the Zorn lemma, B Φ has a minimal element M. Since M ∈ B Φ , Proposition 3.2 yields that M is not a C-space.
We will show that M is a Mazurkiewicz manifold with respect to the class C. Suppose not. Then, by Lemma 2.5, there exist closed subsets g(x, t) = g 0 (x), if x ∈ Y 0 and t = 0; g 1 (x), if x ∈ Y 1 and t = 1.
Applying Lemma 3.3 to the closed subset
of M × I and to F × I (which is a C-space), we obtain an extension
Due to the compactness of I, we can find an open subset V of M containing F such that V × I ⊂ W and V ∩ (X 0 ∪ X 1 ) = ∅. As in the proof of Proposition 2.3 we conclude that V is an open partition between X 0 and
Thus, M is a Mazurkiewicz manifold with respect to the spaces having property C.
The next theorem is an analogue of Theorem 3.4 for strongly infinitedimensional spaces. We say that a (single-valued) map f : X → I ∞ is universal [20] if for any map g : X → I ∞ there exists a point x ∈ X with g(x) = f (x).
Proposition 3.5. A compact space X is strongly infinite-dimensional if and only if there exists a universal map
Proof. By [3] , a compact space X is strongly infinite-dimensional if and only if there exists an essential map f : X → I ∞ . Recall that a map f : X → I ∞ is essential if for every n the composition π n • f is essential, i.e. there is no map g :
Here, π n : I ∞ → I n is the projection onto I n and S n−1 is the boundary of I n . On the other hand, a map f : X → I ∞ is essential if and only if f is universal (this fact was established in [12] for metrizable compact spaces, but the proof works for arbitrary compact spaces). Proof. We fix a (single-valued) universal map Φ : X → I ∞ . Observe that the values of Φ, being points, are Z-sets in I ∞ . Since X contains a strongly infinite-dimensional closed set Y such that every subset of Y is either 0-dimensional or strongly infinite-dimensional (see [34] or [30] ), we can assume that every subset of X is 0-dimensional provided it is not strongly infinite-dimensional. Then, as in the proof of Theorem 3.4, we can obtain a closed strongly infinite-dimensional set M ⊂ X such that the map Φ|M : M → I ∞ is universal, but Φ|H is not universal for any closed proper subset H of M. Following the ideas from the proof of Theorem 3.4, we can show that M is a Mazurkiewicz manifold with respect to the class WID. Indeed, if {F i } i≥1 is a sequence of closed subsets of M with F i being weakly infinite-dimensional, then F i should be 0-dimensional. Note that every 0-dimensional compact space is a C-space, so we can apply the arguments from the proof of Theorem 3.4.
Applications to homogeneous continua
All spaces in this section are metrizable and the dimension of a space X means any dimension D K (X) if not stated otherwise.
Remark 4.1. Recall that a connected, locally compact metrizable space X is second-countable. Thus, by the Countable Sum Theorem, if X contains a closed n-dimensional subset, then X contains compact n-dimensional subsets of arbitrary small diameters.
A topological group H acts transitively on a space X if the action H× X → X is continuous and for each two points x, y ∈ X there is h ∈ H such that h(x) = y. We denote by H(X) the group of homeomorphisms of a space X onto itself with a compact-open topology. A space X is homogeneous if H(X) acts transitively on X, i.e. for each two points x, y ∈ X there exists h ∈ H(X) such that h(x) = y; X is called locally homogeneous if for each x, y ∈ X there exist neighborhoods U and V of x and y, respectively, and a homeomorphism h : U → V such that h(x) = y. A homeomorphism h in the above theorem will be called an ǫ-homeomorphism.
The following simple observation explains a role of the class D <∞ K for infinite-dimensional homogeneous continua.
Proposition 4.3. A homogeneous continuum is infinite-dimensional if and only if it is not strongly countable dimensional.
Proof. Suppose X is a homogeneous continuum and X = ∞ i=1 F i , where F i is a closed finite-dimensional closed subset of X for each i.
There exists k such that intF k = ∅, by the Baire theorem. By the homogeneity, finitely many homeomorphic copies of F k covers continuum X, so it is finite-dimensional. The converse implication is obvious. Proof. Theorem 4.4 was proved in [25] for the covering dimension and weak infinite dimension. The proof was based on the classical Cantor Manifold Theorem that any compact n-dimensional space contains a Cantor n-manifold (see [11] ), the corresponding Tumarkin's result for infinite-dimensional compacta and Skljarenko's theorem for the case of strongly infinite-dimensional compacta (both mentioned in the Introduction). Due to Theorems 2.6, 3.1, 3.4, the same idea applies. In the case of class C = D <∞ K , however, we have to consider an extra situation when there is no Cantor manifold with respect to D <∞ K in X but X contains closed subsets of arbitrary large finite dimension (see Theorem 3.1). In particular, X is not a Cantor manifold with respect to D <∞ K which means that there is a closed set F = ∞ n=1 F n which separates X, where F n is a finite-dimensional closed set. We can assume that X \ F = U ∪ V , where U, V are non-empty disjoint open subsets of X and F = bdU = bdV . By the Baire theorem, one can find n 0 such that int F (F n 0 ) = ∅. Since each finite-dimensional nondegenerate compactum contains arbitrary small compacta of the same finite dimension (Remark 4.1), there are arbitrary small Cantor manifolds in X with respect to this finite dimension (Theorem 2.6). Let D K (F n 0 ) = n and pick up a point x ∈ int F (F n 0 ). By the homogeneity, there is a compact Cantor manifold K with respect to
Since the set K is not contained in F , we can assume that there is a point a ∈ K ∩ U. Then, for 0 < ǫ < min{η, d(a, X \ U)} there is δ > 0 as in Theorem 4.2. Choosing a point b ∈ V , d(x, b) < δ, we obtain an ǫ-homeomorphism h : X → X such that h(x) = b. Then h(K) is a Cantor manifold with respect to D k K which is separated by a subset of F n 0 , a contradiction.
Next two propositions are easy consequences of the definition of a strong Cantor manifold. 
where the sets F i are proper, closed subsets of X which additionally satisfy
Proof. Part (i) is a direct consequence of X being a Cantor manifold with respect to C. To prove (ii) and (iii) we can assume that intF 0 = ∅ by the Baire Category Theorem. Then, since F 0 = X, the open set U 0 = X \ cl(intF 0 ) is non-empty and is contained in the union
) is non-empty by (i) and it is contained in (F 0 \cl(intF 0 ))∪(F n 1 \cl(intF n 1 ))∪F 2 ∪. . . , etc. We obtain a subsequence n 0 < n 1 < n 2 < . . . such that the sets F n i have non-empty interiors. Redefining
Indeed, otherwise this intersection would be a non-empty open subset of X, so it does not belong to C. Since this open set is an F σ -subset of 
Indeed, let x ∈ K ∩ bd(intF i ) and suppose K is not a subset of bd(intF i ). In the case where there exists a ∈ K ∩ intF i , we can apply the Effros Theorem for 0 < ǫ < d(a, (X \ intF i ) to find a δ > 0 such that if a point y ∈ X \ F i is chosen with d(x, y) < δ, then there exists an ǫ-homeomorphism h : X → X that maps x onto y. Then h(K) is a strong Cantor manifold with respect to C which intersects intF i and another set F j . This is however impossible by Propositions 4.5 and 4.6 (iii). In the case where there is a point a ∈ K ∩ (X \ cl(intF i )), we use an ǫ-homeomorphism h which maps x to a point in intF i for ǫ < d(a, cl(intF i )). The continuum h(K), containing points in intF i and in X \ cl(intF i )), must intersect bd(intF i ). Since h(K) is a strong Cantor manifold, we come to the former case above.
Let K ⊂ Y 0 = Y X be a strong Cantor manifold with respect to C. Define by transfinite induction:
and K α = cl( β<α K β ) for limit ordinals α.
There exists a countable ordinal γ such that Suppose not. Then Claim 4.9 allows us to repeat all the above considerations substituting G 0 for X as the underlying space but keeping the whole group H(X) to act transitively on G 0 . In particular, since
The continuity of the decomposition easily follows from the Effros Theorem (cf. [33] ).
To get a final contradiction, consider a correspondence s : G → {F 1 , F 2 , . . . } such that G ⊂ s(G). By Proposition 4.5, s is a well defined function. Notice that
Since the decomposition G is continuous, the sets s −1 (F i ) are closed in X. It follows from the Sierpiński Theorem [10, p. 440 ] that the intersection s −1 (F i ) ∩ s −1 (F j ) is nonempty for some i = j. Thus, the intersection contains an element of G which is a strong Cantor manifold with respect to C, a contradiction with Proposition 4.5.
We do not know if one can omit, in general, the extra hypothesis in Theorem 4.7(2) that X does not contain closed subsets of arbitrary large finite dimension for C = D <∞ K . The property (α) of an n-dimensional space X (originally considered by Hurewicz in [23] for the covering dimension of separable spaces) means that any n-dimensional closed subset of X has the non-empty interior. It is known that all topological n-manifolds have property (α) and it was observed in [35] that n-dimensional locally compact, locally homogeneous ANR's also have this property for the covering dimension.
It is proved in [35, Theorem C] that, for the covering dimension, an n-dimensional, locally compact, connected, locally homogeneous ANRspace X is a Cantor n-manifold. Actually, the assumption in that proof that X is an ANR reduces just to property (α) and the reasoning is applicable to dimension D K , so we have the following proposition. Proof. By Remark 4.1, there exist arbitrary small n-dimensional compact subsets of X. Therefore X contains arbitrary small compact, n-dimensional, strong Cantor manifolds with respect to D n−2 K (Theorem 2.6). The local homogeneity and property (α) guarantee that X has a basis consisting of such strong Cantor manifolds. In particular, X is locally connected. Moreover, by Proposition 4.12, X is an n-dimensional Cantor n-manifold with respect to D n−2 K . Suppose that X is not a strong Cantor manifold with respect to D n−2 K . Then we can apply Proposition 4.6. Since each point of X is contained in the interior of an n-dimensional strong Cantor manifold K and K is contained in only one F i (see Proposition 4.5), it follows that F i = intF i for each i. This contradicts the connectedness of X.
Remarks on property (α) for dimension D K
We are going to propose an extension property (H) which implies property (α) (see page 19) for dimension D K in the class of compact spaces. It is extracted from a proof in [24] and seems to be a natural and convenient criterion for deriving property (α) in many cases. Proof. Let Y be a closed n-dimensional subset of X. There exist a closed subset C of Y and a map f : C → K n−1 which cannot be extended over Y . By the compactness of Y and Zorn Lemma, there exists a minimal (with respect to the inclusion) closed subset K of Y such that f is not extendable over C ∪ K. Then the set K \ C is non-empty and we will show that it is open in X. Let a ∈ K \ C. Take U ∈ U such that a ∈ U ⊂ clU ⊂ X \ C. Since K \ U is a closed proper subset of K, there exists an extension F : C ∪ (K \ U) → K n−1 of f . The map F | cl(K\C)\U cannot be extended over cl(K \ C) because if F ′ were such an extension, then the map G : C ∪ K → K n−1 given by
would extend f . By Lemma 5.2, a ∈ int(cl(K \ C)), hence a ∈ int(K \ C) ⊂ intY . 
